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An extension of the Heisenberg Hamiltonian is discussed, that allows to go beyond the standard
bilinear spin Hamiltonian taking into account various contributions due to multispin interactions
having both chiral and non-chiral character. The parameters of the extended Hamiltonian are calcu-
lated from first principles within the framework of the multiple scattering Green function formalism
giving access to an explicit representation of these parameters in real space. The discussions are
focused on the chiral interactions, i.e. biquadratic and three-spin Dzyaloshinskii-Moriya like vector
interactions ~Dijij (BDMI) and ~Dijkj (TDMI), respectively, as well as three-spin chiral interaction
(TCI) Jijk. Some properties of these interactions are demonstrated by calculations for realistic
materials. In particular, the non-relativistic character of the three-spin chiral interactionc Jijk is
demonstrated that is in contrast to the TDMI. As the magnitude of these chiral interactions can be
quite sizable, they can lead to a stabilization of a noncollinear magnetic texture in some materials
that is absent when these interactions are neglected. In particular, Monte Carlo simulations for some
model systems demonstrate the stabilization of a skyrmion lattice due to DMI and CTI, without
external magnetic field.
PACS numbers: 71.15.-m,71.55.Ak, 75.30.Ds
I. INTRODUCTION
The Heisenberg spin Hamiltonian is nowadays a rather
popular tool providing a bridge between the electronic
structure of magnetic materials and their spin-dynamical
and finite-temperature magnetic properties. However, re-
striction of the classical model to only isotropic bilinear
exchange parameters is not always able to describe suc-
cessfully the experimental findings. In this case an ex-
tension of Heisenberg model is used to take into account
specific features of the system under consideration. This
concerns in particular the impact of spin-orbit coupling
(SOC) leading to magnetocrystalline anisotropy (MCA)
and to the spin-space anisotropy of the exchange coupling
described by an exchange tensor J ij instead of scalar pa-
rameters. The latter one can often can be reduced to
the chiral Dzyaloshinskii-Moriya (DM) vector ~Dij rep-
resenting the antisymmetric part of the exchange tensor
J ij .
Still, this form of the Hamiltonian implies for example
neglecting the dependence of the exchange parameters
on the relative orientation of the magnetic moments in
the system. To go beyond this bilinear approximation
for the inter-atomic exchange interactions, one can take
into account higher-order contributions to the Heisen-
berg Hamiltonian, i.e., biquadratic, fourth-order three-
spin, four-spin interactions, etc. terms [1–9].
The origin of higher-order interactions was discussed
already many years ago by various authors [10–12], fo-
cusing on those being isotropic in spin space. Obviously,
the dominating mechanism responsible for these terms
can be different for different materials. Kittel [10] dis-
cussing the transition from the antiferromagnetic (AFM)
to the ferromagnetic (FM) state in metamagnetic materi-
als (including metals) suggested an important role of the
biquadratic exchange interaction due to exchange mag-
netostriction caused by a dependence of the exchange
interaction on the volume during an AFM/FM transi-
tion. MacDonald et al. [12] discussed the Hubbard model
Hamiltonian, which can be transformed in the limit of
large on-site Coulomb interaction U and assuming half-
filling of the electron energy bands implying electron lo-
calization around atomic sites to a form equivalent to
the Heisenberg spin Hamiltonian. An expansion of the
Hamiltonian in powers of the ratio t/U gives access to
high-order terms of the spin Hamiltonian with bilinear
and four-spin exchange interactions ∼ t2/U and ∼ t4/U3,
respectively [12–14]. The three-spin term should van-
ish as it is antisymmetric with respect to time reversal
transformation. Tanaka and Uryu [11] have derived the
four-spin interactions based on the Heitler-London the-
ory by expanding the ground state energy in terms of the
overlap integrals between the orbitals of electrons located
at different lattice sites. Detailed calculations of bilinear
and biquadratic exchange interactions within a real-space
tight-binding framework have been performed for FM Fe
by Spisak and Hafner [15] who demonstrate a significant
contribution of the biquadratic exchange interactions to
the Curie temperature.
During the last decade the interest in skyrmions grew
rapidly because their specific magnetic texture stabilized
by chiral spin interactions makes them attractive for var-
ious spintronic applications (see e.g. [16–18]). Most in-
vestigations in the field were restricted to the bilinear
Dzyaloshinskii-Moriya interaction (DMI) and focused on
materials for which a strong DMI can be expected [18–
20].
The DMI is caused by spin-orbit coupling (SOC) and
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2is non-zero in non-centrosymmetric systems only. Com-
peating with isotropic FM or AFM interactions it leads to
a deviation from the collinear magnetic state by creating
a helimagnetic structure in the absence of an external
magnetic field, characterized by a non-zero vector spin
chirality ~χij = sˆi × sˆj .
Recently, first-principles investigations have been per-
formed going beyond the bilinear approximation, taking
into account higher-order chiral interactions [21, 22] in
the extended Heisenberg model. The calculation of the
chiral biquadratic DMI-like interaction (BDMI) for de-
posited dimers [21] has demonstrated that its magnitude
can be comparable to that of the conventional bilinear
Dzyaloshinskii-Moriya interaction (DMI), implying the
non-negligible role of biquadratic contributions. In ad-
dition, the first-principles investigations on the magnetic
properties of Fe monatomic chains on a Re(0001) sub-
strate have shown [22] that chiral four-spin interactions
can be responsible for the opposite chirality of the spin
spirals when compared to that determined by DMI.
Another type of chiral interaction, the three-spin chiral
interaction (TCI) term, was considered when discussing
the formation of chiral magnetic phases in different frus-
trated magnetic systems either due to geometric frustra-
tion or created by the competition of FM and AFM inter-
actions [23–25]. This three-spin interaction term in the
Heisenberg Hamiltonian,
∑
ijk Jijksˆi · (sˆj × sˆk), gives a
non-zero contribution only for a non-coplanar magnetic
structure, i.e. in the case of non-zero scalar chirality
χijk = sˆk · (sˆi × sˆj). This can lead to the transition
to a chiral spin liquid state, for which the time-reversal
symmetry is broken spontaneously by the appearance of
long-range order of scalar chirality even in the absence of
long-range magnetic order or an external magnetic field.
Describing a transition in a frustrated quantum spin sys-
tem from a spin liquid to a chiral spin liquid state within
the framework of the Hubbard model, it was shown that
expanding the Hubbard Hamiltonian in powers of t/U
leads to a third-order term which is proportional to the
flux Φijk enclosed by the three-spin loop [26, 27]. This
term becomes non-zero in the case of broken time-reversal
and parity symmetry, caused by the spontaneous devel-
opment of spin chirality characterizing the chiral spin-
liquid state [28–31]. This approach results in an explicit
expression for the three-spin interaction term [26, 27]
with Jijk = (24/U
2)|tij ||tjk||tki| sin(Φijk/Φ0) (with Φ0 =
~c/e) that enters the spin Hamiltonian [25, 29, 31, 32].
Despite many theoretical investigations on such a transi-
tion, only recently Machida et al.[33] have reported about
the experimental observation of the time-reversal symme-
try broken spontaneously on a macroscopic scale in the
absence of long-range spin magnetic order, by measuring
the spontaneous Hall effect associated with chiral spin
textures.
Discussing skyrmion-hosting materials, the formation
of skyrmion magnetic texture is usually ascribed to the
DMI, implying the lack of the inversion symmetry in
these systems. However, recently it was suggested that
the magnetic frustration could stabilize skyrmions even
in materials with centrosymmetric lattices. This idea was
proposed and discussed by various authors within theo-
retical investigations [14, 34, 35]. In these works complex
superstructures or the skyrmion-lattice state are charac-
terized by multiple ordering wave vectors (multiple-Q),
allowing to characterize a non-coplanar magnetic struc-
ture via a double-Q description. This approach applied
to metallic systems allowed to demonstrate that the non-
coplanar vortex state can be stabilized having lower en-
ergy than the helimagnetic structure expected due to
RKKY interactions [36]. Solenov et al. [36] showed that
such a non-coplanar state can be stabilized even in the
absence of SOC, i.e. without the DMI. The authors at-
tribute this feature of a double-Q state to the chirality-
induced emergent magnetic field associated with a per-
sistent electric current in such systems (see e.g. [37–39]),
which is proportional to the scalar chirality in the sys-
tem. Considering magnetic properties in terms of the
extended spin Hamiltonian, the above mentioned prop-
erty can be attributed to the three-spin interaction term
also proportional to the scalar chirality in the system. It
should be noted that the experimental evidence of the ap-
pearance of Bloch-type skyrmion state was demonstrated
recently for the centrosymmetric triangular-lattice mag-
net Gd2PdSi3 [40].
In this contribution we present a coherent computa-
tional scheme that allows to calculate the parameters of
the extended Heisenberg Hamiltonian to any order. The
impact of higher order terms going beyond the bilinear
level and their anisotropy is discussed on the basis of
corresponding numerical results for various systems.
II. ELECTRONIC STRUCTURE
Following our previous work [41], we consider the
change of the grand canonical potential caused by the for-
mation of a modulated spin structure seen as a perturba-
tion. This quantity is represented in terms of the Green
function G0(E) for the FM reference state and its modi-
fication due to the perturbation. Neglecting all temper-
ature effects, and denoting the corresponding change in
the Green function ∆G(E) one can write for the change
in energy:
∆E ≈ − 1
pi
Im Tr
∫ EF
dE (E − EF ) ∆G(E) , (1)
with the expansion
∆G(E) = G0∆V G0
+G0∆V G0∆V G0
+G0∆V G0∆V G0∆V G0
+G0∆V G0∆V G0∆V G0∆V G0 + ... , (2)
for ∆G(E), where ∆V is the perturbation operator asso-
ciated with the modulated spin structure. For the sake
3of readability we dropped the energy argument for the
unperturbed Green function G0(E).
Using the FM state as a reference state, the perturba-
tion connected with the tilting of rigid magnetic moments
on lattice sites i has the real space representation [41, 42]
∆V (~r) =
∑
i
β
(
~σ · mˆi − σz
)
Bxc(~r) , (3)
where ~Bxc(~r) is the spin-dependent part of the exchange-
correlation potential and all other quantities have their
usual meaning [43, 44]. It is assumed here that ~Bxc(~r) on
site i is aligned along the orientation of the spin moment
mˆi, i.e. ~Bxc(~r) = Bxc(~r)mˆi.
A very convenient and flexible way to represent the
electronic Green function G0(E) in Eqs. (1)-(2) is pro-
vided by the so-called KKR (Korringa-Kohn-Rostoker)
or multiple-scattering formalism. Adopting this ap-
proach a real space expression for G0(~r, ~r
′, E) can be
written in a fully relativistic way as [44]:
G0(~r, ~r
′, E) =
∑
Λ1Λ2
ZnΛ1(~r,E)τ
nn′
Λ1Λ2(E)Z
n′×
Λ2
(~r ′, E)
−
∑
Λ1
[
ZnΛ1(~r,E)J
n×
Λ1
(~r ′, E)Θ(r′ − r)
JnΛ1(~r,E)Z
n×
Λ1
(~r ′, E)Θ(r − r′)
]
δnn′ .(4)
Here ZnΛ1(~r,E) and J
n
Λ1
(~r,E) are the regular and irregu-
lar solutions of the single site Dirac equation and τnn
′
is
the so-called scattering path operator matrix [44]. Sub-
stituting the expression in Eq. (4) into Eq. (2) and us-
ing Eq. (1) one obtains in a straight and natural way a
real space expression for the energy change ∆E , which
will be used below to derive expressions for the exchange
coupling parameters entering the extended Heisenberg
Hamiltonian.
III. FOUR-SPIN EXCHANGE INTERACTIONS
Extending the spin Hamiltonian to go beyond the clas-
sical Heisenberg model, we discuss first the four-spin ex-
change interaction term, which can be written in general
form as follows
H(4) = −
N∑
i,j,k,l
Jαβγδijkl sˆ
α
i sˆ
β
j sˆ
γ
k sˆ
δ
l , (5)
with the site indices i, j, k, l and cartesian coordinates
α, β, γ, δ. The four-spin exchange interactions given by
a fourth-rank tensor Jαβγδijkl which accounts also for pair
(k = i, l = j, so-called biquadratic) and three-spin (l = j)
interactions. The tensor elements Jαβγδijkl can be calcu-
lated using the fourth-order term of the Green function
expansion in Eq. (2). Substituting this expression into
Eq. (1) and using the sum rule dGdE = −GG for the Green
function, one obtains after integration by parts the forth-
order term of the total energy change ∆E(4) given by:
∆E(4) = − 1
pi
Im Tr
∫ EF
dE
×∆V G0∆V G0∆V G0∆V G0 . (6)
Using the ferromagnetic state with ~M ||zˆ as a reference
state, and considering the spin-spiral ~mi = (sin θ cos(~q ·
~Ri), sin θ sin(~q · ~Ri), cos θ) as the source for the perturba-
tion ∆V at small ~q values, only the x and y components
of the exchange tensor get involved (see also Ref. [41]).
Following the scheme used to derive an expression for
the bilinear exchange interactions [41], the fourth-order
derivative with respect to different components of the
~q-vector give the elements of the exchange tensor repre-
sented via the expression
Jαβγδijkl = −
1
pi
Im Tr
∫ EF
dE[
T i,α(E) τ ij(E)T j,β(E) τ jk(E)
×T k,γ(E) τkl(E)T l,δ(E) τ li(E)
]
, (7)
where the matrix elements of the torque operator T i,αΛΛ′
are defined as follows:[45]
T i,αΛΛ′ =
∫
Ωi
d3r Zi×Λ (~r,E)
[
βσαB
i
xc(~r)
]
ZiΛ′(~r,E) . (8)
A. Non-chiral exchange interactions
The four-spin scalar interaction, and as special cases,
also the fourth-order three-spin term with l = j, and the
biquadratic exchange interaction term with k = i and
l = j, can also be written in a form often used in the
literature, i.e. they can be represented in terms of scalar
products of spin directions:
H(4)s = −
N∑
i,j,k,l
Jsijkl(sˆi · sˆj)(sˆk · sˆl) . (9)
The exchange interaction parameters written in the form
of a 4-rank tensor in Eq. (5) give access to non-chiral as
well as to chiral four-spin interactions. The parameters
Jsijkl (where s means ’symmetric’) are represented by the
symmetric part of the exchange tensor of 4-th rank in
Eq. (7) and are given by the expression
Jsijkl =
1
4
(Jxxxxijkl + J
yyyy
ijkl + J
xxyy
ijkl + J
yyxx
ijkl ) . (10)
The biquadratic exchange interaction terms (with k =
i and l = j) can be seen as a linear term of an expansion
of the bilinear exchange parameters in powers of (sˆi · sˆj),
in order to take into account the dependence of these
exchange parameters on the relative orientation of the
4interacting spin magnetic moments on sites i and j. Fo-
cusing first on the scalar-interaction terms, this leads to
the expression
Hs = −
∑
ij
J˜ij(θij)(sˆi · sˆj)
= −
∑
ij
Jij(sˆi · sˆj)−
∑
ij
Jsijij(sˆi · sˆj)(sˆi · sˆj).(11)
B. Chiral multispin DMI-like exchange interactions
Discussing chiral interactions, we start with the ex-
change interactions represented by the vector characteriz-
ing the DMI-like interaction between two spin moments,
i and j, but taking into account the magnetic configura-
tion of surrounding atoms, leading to the extension of the
Heisenberg Hamiltonian written in the following form
Ha(4) = −
∑
ijkl
~Dijkl · (sˆi × sˆj)(sˆk · sˆl) . (12)
Assuming the magnetization direction of the reference
system along the z axis, we distinguish between the x
and y components of this chiral interaction on the one
hand side, and its z component on the other hand as they
require different approaches for their calculation. This is
in full analogy to the DMI discussed recently [41, 42].
1. DMI-like interactions: z-compoment
The z-component of the four-spin chiral interaction
~Dijkl, when all site indices i, j, k, l may be different, is
represented by the antisymmteric part of the exchange
tensor characterising the interaction between sites i, j, k
and j. In full analogy to the DMI, Dzijkj can be written
as follows
Dzijkl =
1
4
(Jxyxxijkl + J
xyyy
ijkl − Jyxxxijkl − Jyxyyijkl ) (13)
with the tensor elements Jαβγδijkj determined via Eq. (7).
In the following, we will focus on the three-spin DMI-
like interactions TDMI (implying l = j) and biquadratic
vector interactions (with l = j, k = i), which were calcu-
lated and discussed recently for some systems with spe-
cial geometry [21, 22] in comparison with the DMI. Using
Eq. (13) for the special case l = j, k = i one has for the z
component of the biquadratic interaction the expression:
Dzijij =
1
4
(Jxyxxijij + J
xyyy
ijij − Jyxxxijij − Jyxyyijij ) . (14)
2. DMI-like interactions: x- and y-compoment
To calculate the x and y components of the four-spin
and as a special case the TDMI and BDMI terms in a
system magnetized along the z direction, we follow the
scheme suggested by the authors for the calculation of
the DMI parameters [41, 42], which exploited the DMI-
governed behaviour of the spin-wave dispersion having a
finite slope at the Γ point of the Brillouin zone. However,
in the present case a more general form of perturbation
is required. For this purpose we assume a 2D spin mod-
ulation according to the expression
mˆi = (sin(~q1 · ~Ri) cos(~q2 · ~Ri) , sin(~q2 · ~Ri) ,
cos(~q1 · ~Ri)cos(~q2 · ~Ri)) , (15)
which is characterized by two wave vectors, ~q1 and ~q2,
orthogonal to each other, as for example ~q1 = q1yˆ and
~q2 = q2xˆ. The microscopic expression for the x and y
components of ~Dijkl describing the most general, four-
spin interaction, can be obtained on the basis of the third-
order term of the Green function expansion in Eq. (2)
leading to a corresponding third-order energy correction
∆E(3) = − 1
pi
Im Tr
∫ EF
dE(E − EF )
×G0∆V G0∆V G0∆V G0 (16)
by taking its derivatives in the limit q1(2) → 0; to first-
order with respect to the wave-vector ~q1 and to second-
order with respect to the wave-vectors ~q1 and ~q2. The
non-zero elements of the first-order derivative in the limit
q1 → 0 imply an antisymmetric character of the interac-
tions between the magnetic moments on sites i and j in
Eq. (12), similar to the case of the conventional DMI. At
the same time, the non-zero second-order derivative with
respect to ~q1(2) correspond to a scalar interaction between
the magnetic moments on sites k and l, which is sym-
metric with respect to a sign change of the wave vector.
The same properties should apply to the corresponding
contribution to the model spin Hamiltonian in Eq. (12).
Equating for the ab-initio and model approaches the cor-
responsing terms proportional to (~Ri − ~Rj)y(~Rk − ~Rl)2x
and (~Ri − ~Rj)y(~Rk − ~Rl)2y (we keep a similar form in
both cases for the sake of convenience) gives access to
the elements Dy,xijkl and Dy,yijkl of the four-spin chiral inter-
action. As we focus here on TDMI and BDMI, they can
be obtained as the special cases l = j and l = j, k = i,
respectively. With this, the elements of the TDMI vector
can be written as follows
Dα,βijkj = −αγ
1
8pi
Im Tr
∫ EF
dE(E − EF )[
Oi τ ijT j,γ τ jkT k,β τkjT j,β τ ji
−T i,γ τ ijOjτ jkT k,β τkjT j,β τ ji
]
+
[
Oi τ ijT j,β τ jkT k,β τkjT j,γ τ ji
−T i,γ τ ijT j,βτ jkT k,β τkjOj τ ji
]
(17)
with α, β = x, y, and αγ the elements of the transverse
Levi-Civita tensor  =
[
0 1
−1 0
]
. The matrix elements of
5the torque operator T i,αΛΛ′ occuring in Eq. (17) are given
by Eq. (8), and the overlap integrals OjΛΛ′ are defined in
an analogous way [45]:
OjΛΛ′ =
∫
Ωj
d3r Zj×Λ (~r,E)Z
j
Λ′(~r,E). (18)
The expression in Eq. (17) gives access to the x and
y components of the DMI-like three-spin interactions in
Eq. (12)
Dαijkj = Dα,xijkj +Dα,yijkj . (19)
An expression for the BDMI also follows directly from
Eq. (17) using the restriction k = i. This leads to the
elements Dα,βijij determining chiral biquadratic exchange
interactions (similar to the case of four-spin interactions),
which can be written in the following form
Dα,βijij = −αγ
1
8pi
Im Tr
∫ EF
dE(E − EF )[(
Oi τ ijT j,γ τ jiT i,β τ ijT j,β τ ji
−T i,γ τ ijOjτ jiT i,β τ ijT j,β τ ji
)
+
(
Oi τ ijT j,β τ jiT i,β τ ijT j,γ τ ji
−T i,γ τ ijT j,βτ jiT i,β τ ijOj τ ji
)]
. (20)
C. Chiral exchange: three-spin exchange
interactions
Here we discuss the three-spin chiral exchange inter-
action entering a corresponding extension term to the
Heisenberg Hamiltonian
H(3) = −
N∑
i 6=j 6=k
Jijksˆi · (sˆj × sˆk) . (21)
As it follows from this expression, the contribution due
to the three-spin interaction is non-zero only in case of a
non-co-planar and non-collinear magnetic structure char-
acterized by the scalar chirality sˆi ·(sˆj× sˆk) involving the
spin moment on three different lattice sites.
Considering the torque acting in a FM system on
the magnetic moment of any atom i, which is associ-
ated with the three-spin interactions, one can evaluate
its projection onto an arbitrary direction uˆ, T
(3)
ijk,uˆ =
−(∂H(3)/∂sˆi) · (uˆ × sˆi) , which is equal to Jijk(eˆk · uˆ).
This value is non-zero only in the case of a non-zero scalar
product (sˆk · uˆ), implying that a nonvanishing torque on
spin sˆi created by the spin sˆj coupled via the three-spin
interaction, requires a tilting of the third spin moment
eˆk to have a non-zero projection on the torque direction.
In contrast to that, the torque TDMij,uˆ =
~Dij · uˆ [46] acting
due to the spin of atom j on the spin moment of atom i
via the DMI, is non-vanishing even in the system with all
spin moments being collinear. This makes clear that in
order to work out the expression for the Jijk interaction
term, a more complicated multi-Q modulation [14, 34, 36]
of the magnetic structure is required when compared to
a helimagnetic structure characterized by a wave vector
~q, which was used to derive expressions for the x− and
y−components of the DMI [41, 42].
Accordingly, we use here the 2D non-collinear spin tex-
ture described by Eq. (15), which is characterized by two
different wave vectors in two perpendicular directions,
~q1 = (0, qy, 0) and ~q2 = (qx, 0, 0). In this case the spin
chirality driven by the three-spin interaction should lead
to the asymmetry of the energy E(~q1, ~q2) with respect
to a sign change of any of the vectors ~q1 and ~q2, as a
consequence of full antisymmetry of the scalar spin chi-
rality. As a result, the three-spin interactions can be
derived assuming a non-zero slope of the energy disper-
sion E(~q1, ~q2) as function of the two wave vectors, in the
limit ~q1(2) = 0.
Substituting the spin modulation in Eq. (15) into the
spin Hamiltonian in Eq. (21) associated with the three-
spin interaction, the second-order derivative of the energy
E(3)(~q1, ~q2) with respect to q1 and q2 wave vectors in the
limit q1 → 0, q2 → 0 is given by the expression
∂2
∂~q1∂~q2
E
(3)
H
= −
N∑
i 6=j 6=k
Jijk
(
zˆ · [(~Ri − ~Rj)× (~Rk − ~Rj)]
)
. (22)
The microscopic energy term of the electron system,
giving access to the chiral three-spin interaction in the
spin Hamiltonian is determined by the second-order term
of the free energy expansion given by the expression
∆E(2) = − 1
pi
Im Tr
∫ EF
dE(E − EF )
G0∆V G0∆V G0 . (23)
To make a connection between the two approaches associ-
ated with the ab-initio and model spin Hamiltonians, we
consider a second-order term with respect to the pertur-
bation ∆V induced by the spin modulation in Eq. (15).
Taking the first-order derivative with respect to q1 and
q2 in the limit q1 → 0, q2 → 0, and equating the terms
proportional to
(
zˆ · [(~Ri− ~Rj)× (~Rk− ~Rj)]
)
with the cor-
responding terms in the spin Hamiltonian, one obtains
the following expression for the three-spin interaction
Jijk = − 1
8pi
Im Tr
∫ EF
dE(E − EF )[
T i,x τ ijT j,y τ jkOk τki − T i,y τ ijT j,x τ jkOk τki
−T i,x τ ijOj τ jkT k,y τki + T i,y τ ijOj τ jkT k,x τki
+Oi τ ijT i,x τ jkT k,y τki −Oj τ ijT i,y τ jkT k,x τki
]
(24)
6(a)
(b)
(c)
FIG. 1. The four-spin interaction exchange parameters Jsijkl
according to Eq. (10) calculated for the FM hcp Co (a), bcc
Fe (b) and fcc Ni (c) with the magnetization along the zˆ-axis.
IV. NUMERICAL RESULTS
In order to illustrate the expressions developed above
by their application to realistic systems, corresponding
calculations on various representative systems have been
performed.
A. Four-spin and biquadratic exchange interactions
Figure 1 represents an example for the four-spin ex-
change parameters Jsijkl calculated on the basis of Eq.
(10) for the three 3d bulk ferromagnetic systems bcc Fe,
hcp Co and fcc Ni. The results are plotted as a function
of the distance Rij +Rjk +Rkl +Rli, including only the
interactions corresponding to i 6= j 6= k 6= l, i.e., all sites
are different. For these systems the exchange parame-
ters are about two orders of magnitude smaller than the
first-neighbor bilinear exchange interactions. However,
in general their contribution can be non-negligible due
to the large number of such four-spin loops. Therefore,
in some particular cases they should be taken into ac-
count.
Examples for the scalar biquadratic exchange interac-
tion parameters Jsijij are shown in Fig. 2 for bcc Fe, hcp
Co and fcc Ni, and in Fig. 3 for the compounds FePt
and FePd having CuAu crystal structure. For compari-
son, the insets give the corresponding bilinear isotropic
exchange interactions. One can see rather strong first-
neighbor interactions in bcc Fe and in the compounds
FePt and FePd. This confirms the previous theoreti-
cal results for bcc Fe [15], and demonstrates the non-
negligible character of biquadratic interactions. This is
of course a material-specific property.
B. DMI-like multispin exchange interactions
The properties of the chiral multispin exchange inter-
action parameters in Eq. (12) can be compared with the
DM interactions as both are vector quantities. Simi-
larly to the DMI, these parameters are caused by SOC,
i.e. they vanish in the case of SOC = 0. This feature
is indeed demonstrated by our test calculations. The
calculations have been performed for bulk bcc Fe, for
(Pt/X/Cu)n multilayers with X = Mn, Fe and Co, and
for an Fe overlayer deposited on TMDC (transition metal
dichalcogenide) monolayers, e.g. 1H-TaTe2 1H-WTe2,
and 1H-WS2. The model multilayer system is composed
of Pt, X and Cu on subsequent (111) layers of the fcc
lattice, without structural relaxation. In the case of the
Fe/TMDC systems the structural relaxation has been
performed both within the layers as well as in the z di-
rection perpendicular to the layer plane.
The calculations demonstrate similar symmetry prop-
erties of the BDMI when compared with the conventional
DMI, as was already pointed out recently [21]. In bcc Fe
having inversion symmetry, the BDMI is equal to zero,
while it is finite in the multilayer and the Fe/TMDC sys-
tems, following the properties of the DMI interactions.
Figure 4 gives results for the z-component of the chiral
biquadratic exchange interactions, Dzijij , calculated for a
Fe overlayer deposited on a TaTe2 and WTe2 single lay-
ers, respectively, on the basis of Eq. (19). As one can
see, Dzijij has a significant magnitude when compared to
the bilinear DMI parameters. Interestingly, the x and y
components in these two materials are much smaller than
the corresponding components of the bilinear DMI.
In the case of the multilayer systems (Pt/Fe/Cu)n,
(Pt/Mn/Cu)n and (Pt/Co/Cu)n all three components,
x, y, z, have the same order of magnitude as it is seen
in Fig. 5. The orientation of these interactions between
first nearest neighbour sites is shown in Fig. 6. As can be
seen from Table I, in contrast to the Fe/TMDC system,
all components are more than one order of magnitude
smaller than the corresponding DMI components.
Figure 6 shows schematically the in-plane components
of the DMI and BDMI, which have the same orienta-
tion for (Pt/Fe/Cu)n and (Pt/Mn/Cu)n, but not for
(Pt/Co/Cu)n. The y-component of Dyijij representing
the interaction between atoms with ~Rij = a(0.707, 0, 0)
are given in Table I. These values give the total in-plane
interaction as for the taken pair of atoms Dxij = 0 and
Dxij = 0. Note also that in (Pt/Mn/Cu)n the Dzijij com-
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FIG. 2. Scalar biquadratic exchange interactions in bcc Fe
(a), hcp Co (b) and fcc Ni (Ni). The insets show the bilinear
exchange interaction parameters calculated for the FM state
with the magnetization along the zˆ-axis.
ponent has an opposite sign when compared to Dzij .
Similar to the DMI and BDMI, the TDMI ~Dijkj is a
SOC-induced interaction between atoms i and j which
depends on the relative orientation of the spin moments
of the atoms j and k. In contrast to the biquadratic
interaction, it does not vanish for centrosymmetric sys-
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FIG. 3. Scalar biquadratic Fe-Fe exchange interactions in the
FM-ordered FePt and FePd with the magnetization along the
zˆ-axis.
Dyij D
z
ij Dyijij Dzijij
(Pt/Mn/Cu)n -1.14 -1.22 -0.039 0.031
(Pt/Fe/Cu)n 0.17 0.35 0.024 0.034
(Pt/Co/Cu)n 0.63 0.40 -0.003 0.008
TABLE I. The y- and z-components of the DMI and chiral
biquadratic exchange interaction (in meV) between 3d-metals
in (Pt/X/Cu)n multilayers (X = Mn, Fe, Co). The y- com-
ponent corresponds to the interactions between atoms 1 and 2
(see Fig. 6) with ~R12 = a(0.707, 0, 0). For this geometry Dy1212
and Dy12 represent the magnitude of the in-plane projection
of corresponding interactions with the first nearest neighbors,
as in this case Dx1212 = 0 and Dx12 = 0.
tems, as it is demonstrated by the calculations for bcc Fe
represented in Fig. 7. Let us consider the TDMI as the
DMI-like interaction between atoms i and j which de-
pends on the relative orientation of the spin moment of
the atoms j and k. Fig. 7(a) displays the dependence of
the components Dxijkj and Dyijkj of the DMI-like interac-
tion between the first nearest neigbours (distance |~Rij |)
in bcc Fe as a function of the position of the third atom k.
One finds obviously a different sign for the various inter-
actions for the same value of |~Rij |+|~Rjk|+|~Rki| implying
a dependence of the ~Dijkj interaction on the relative po-
sition of the third atom (see Fig. 7(b)). However, this
property results in a compensation when summing over
all surrounding atoms k, i.e.
∑
k
~Dijkj = 0, despite the
finite magnitude of the interactions | ~Dijkj | 6= 0 for each
triple of atoms. In other words, the TDMI is canceled
out in centrosymmetric systems. Note that these conclu-
sions based on the results obtained for a frame of refer-
ence with the zˆ axis oriented along the crystallographic
[001] direction should hold for any other frame of refer-
ence. Nevertheless, it is more convenient to discuss the
interactions using a frame of reference with the z axis, as
well as the magnetization, oriented along the [111] crys-
tallographic direction, as it is shown in Fig. 7(b). The
arrows represent the direction of the TDM interaction in
the (x, y) plane between the gray atom 1 at the center
and the red atom 2 behind, induced by tilting of the mo-
ment of the third atom (3) (connected in the picture by
dashed lines with the atoms 1 and 2). One can see that
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FIG. 4. z-component of the BDMI (squares, top) and bi-
quadratic scalar interactions (squares, bottom) as a function
of the site distance Rij (in multiples of the lattice parameter
a). Results are shown for a Fe overlayer deposited on a single
layer of TaTe2 (a) and WTe2 (b), in comparison with DMI
and bilinear interaction parameters shown by circles.
the direction of this interaction depends on the position
of atom 3.
However, in the case of systems without inversion sym-
metry, the TDM interactions do not cancel each other
and can play a certain role in the formation of the mag-
netic ground state configuration. This is demonstrated
by calculations for (Pt/X/Cu)n multilayer systems. Fig.
8 shows corresponding results for the (Pt/Mn/Cu)n mul-
tilayer system where, using a similar representation as
before, the arrows represent the ’vector’ interactions (i.e.
∼ (sˆ1 × sˆ2)) between atoms 1 and 2, controlled by the
third atom 3. Obviously, the direction of this interac-
tion depends on the position of the third atom as one
can see in Fig. 8 (a) and (b). Moreover, the magnitude
of this interaction follow the 3-fold in-plane symmetry of
the system, and is comparable to that of the biquadratic
interactions and is smaller by more than one order of
magnitude when compared to the DMI interactions.
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FIG. 5. The x-, y- and z-components of chiral biquadratic
exchange interaction, ~Dijij , between the magnetic 3d-metals
X in (Pt/X/Cu)n multilayers with X = Mn (a), Fe (b), and
Co (c), plotted as a function of the interatomic distance Rij .
The orientation of the interaction vectors between first nearest
neighbours is shown in Fig. 6
21 21 21
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21 21 21
(b)
FIG. 6. Orientation of the DMI vector ~Dij (a) and the vector
of the BDMI ~Dijij (b) corresponding to the interaction of the
first neighbor 3d-atoms X in (Pt/X/Cu)n multilayers: for
X = Mn (left), Fe (middle), and Co (right). The magnitude
of the interactions are given in Table I.
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FIG. 7. (a) TDM interactions for bcc Fe with ’vector’ coupling
between the gray atom in the center (atom 1) and the red
atom behind (atom 2) with the third atom (atom 3) coupled
with atom 2 via scalar coupling. The magnitude of this three-
spin interaction energy is 0.004 meV for all three cases shown
in the figure.
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FIG. 8. The plane-projected fourth-order three-spin chiral
interactions between atoms 1 (in the center) and 2 (on the
hexagon) in the presence of atom 3 (relative position shown
by a bended arrow) in the (Pt/Mn/Cu)n multilayer. (a) rep-
resents the vectors when the third atom follows site 2(2’) on
the hexagon in the clock-wise direction and (b) when the third
atom follows site 2(2’) in the anti-clock-wise direction. The
long vectors represent the interactions with magnitude 0.068
meV, while the short ones correspond to the interactions with
0.032 meV. The z-component of the interactions is -0.006 meV
between atoms 1 and 2 (2’) in (a) and 0.006 between atoms 1
and 2 (2’) in (b). The triangles show the position of Pt atoms
on the neighboring layer.
C. Chiral exchange: Three-spin exchange
interactions
Eq. (24) was used to calculate the three-spin interac-
tion parameters for a couple of representative 3D and 2D
systems. The results of such calculations for bulk bcc
Fe are shown in Fig. 9. First of all, one can see that
the three-spin interactions are finite despite they have
been obtained for SOC=0, while taking the SOC into
account leads to a very tiny modification of these inter-
actions. This behaviour is in strong contrast to that of
(a)
(b)
FIG. 9. (a) Three-spin chiral exchange interaction parame-
ters calculated for bcc Fe with SOC = 0 for three different
magnetization directions: [001] circles, [111] (squares) and
[110] (diamonds). (b) The two smallest triangles created by
Fe nearest neighbor atoms, corresponding to the strongest
positive (left, red) and strongest negative (right, blue) 3-spin
interactions shown in panel (a).
the SOC-driven DMI that requiress the lack of inversion
symmetry in the system. As soon as in the absence of
SOC the system is invariant with respect to the rotation
of the magnetization, no anisotropy of the three-spin in-
teraction should be observed. This can clearly be seen
in Fig. 9 representing the results for three different ori-
entations of the magnetic moment: [001] (circles), [111]
(squares) and [110] (diamonds).
Fig. 10 (a) shows the three-spin chiral interaction be-
tween 3d atoms in the (Pt/X/Cu)n multilayer system,
calculated for SOC = 0. One can see that the three-spin
interactions are non-zero and undergo only weak mod-
ification when the SOC is taken into account; similar
to the case of bcc Fe, corroborating that the SOC does
not play a critical role for the three-spin interactions.
The three-spin interactions between first-neighbors in
(Pt/Mn/Cu)n (squares) and (Pt/Fe/Cu)n (circles) have
opposite sign with respect to each other. In the case of
(Pt/Co/Cu)n (diamonds) the sign of the first-neighbor
coupling parameters Jijk is different for two different tri-
angles depending whether it is Pt- or Cu centered (see
Fig. 11).
Comparing these interactions with the conventional
DMI shown in Table I, one can see that both values
have the same order of magnitude, and both are non-
negligible when compared to the isotropic interactions
shown in Fig. 10 (b). Note once more that the DMI is
caused by conventional SOC (i.e., of relativistic origin)
in systems with chiral crystal structure. In contrast to
the DMI, the three-spin interactions do not vanish in the
case of vanishing SOC, as is shown above. This feature
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FIG. 10. (a) Three-spin exchange interaction parameters be-
tween the 3d-atoms X in (Pt/X/Cu)n multilayer, calculated
with SOC = 0, plotted as a function of the total length for
a 3-atomic cluster, Rij + Rjk + Rki, created by the coupling
atoms. (b) Isotropic exchange interaction parameters between
3d-metals in (Pt/X/Cu)n multilayer, with X = Mn, Fe, Co,
as a function of interatomic distance Rij .
JCu
JPt
JCu
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JCu
JPt
FIG. 11. Three-spin exchange interaction parameters between
first neighbors in (Pt/X/Cu)n multilayer: X = Mn (left) with
JPt = −3.51 meV and JCu = −1.85 meV; X = Fe (middle)
with JPt = 1.64 meV and JCu = 1.36 meV; and X = Co
(right) with JPt = 0.36 meV and JCu = −0.16 meV. JPt
corresponds to a triangle with neighboring Pt atom, and JCu
to a triangle with neighboring Cu atom. The arrows show the
chirality stabilized by the three-spin interaction.
of the TCI can be associated to the appearance of an
emergent vector potential A in the electron Hamiltonian
[39, 47] due to a non-collinear magnetic structure, which
is responsible in turn for the occurrence of the effective
spin-orbit interaction term pˆA~σ (with pˆ the momentum
operator) having topological origin [47, 48]. As a result,
one can talk for such a system about an emergent torque
acting on each spin moment in the atomic triangle with
non-collinear spin orientations, governed by ’topological’
A B
Fe/TaTe2 0.797 1.163
Fe/WS2 -0.184 -0.170
Fe/WTe2 -0.373 -0.140
Fe/WSe2 -0.512 -0.185
(Pt/Mn/Cu)n -3.51 -1.85
(Pt/Fe/Cu)n 1.64 1.36
(Pt/Fe/Cu)n 0.36 -0.16
TABLE II. Three-spin interaction parameters (in meV) be-
tween the Fe atoms forming a smallest triangle, calculated for
Fe(1ML)/TMDC(1ML) and (Pt/X/Cu)n multilayer systems
(X = Mn, Fe, Co). The columns A and B give resulta for S-
centered (A) and hollow-centered (B) triangles in the former
case and to Pt-centered (A) and Cu-centered (B) triangles in
the latter case.
spin-orbit interaction.
Obviously, the chirality properties associated with the
TCI should be seen also in the electronic band structure,
although they cannot be easily separated from other ef-
fects. Nevertheless these properties can also be compared
with those responsible for DMI. In the latter case, the
chiral properties of the exchange interactions are con-
nected to the asymmetric changes of the SOC-induced
anticrossing gap when spin-spirals with different helicity
are created (see, e.g. [49]). A similar feature can also
be expected in the absence of conventional SOC. When
the anticrossing splittings occur due to a non-collinear
spin structure, e.g., spin spirals in different directions,
they can also exhibit the asymmetry with respect to he-
licity of one of spin spirals. This can be demonstrated
for example for the model 1ML Fe(110) system. Creat-
ing a 3 × 3 supercell, and tilting the magnetic moments
by 5o away from z-direction one can construct a spin
structure with a modulation in two different directions
(−0.5, 1/√2) and (0.5, 1/√2) in the (x, y)-plane. The
Bloch spectral function in Fig. 12,(a) and (b), plotted
for ~k varying along the line 2pia (− 13 , 0, 0)−Γ− 2pia ( 13 , 0, 0),
represent the electronic states for the systems with oppo-
site helicity along the (−0.5, 1/√2) direction. First of all
one can see in Fig. 12(a) the formation of the anticross-
ing gaps caused by spin modulation, which are modified
due to the changing helicity of the spin modulation along
(−0.5, 1/√2) direction ( Fig. 12(b)), that can be an in-
dication of their chiral behaviour. In full analogy to the
DMI this can be connected to a chiral interaction between
two spin moments, associated with the SOC having topo-
logical origin. Fig. 13 shows the energy dependent TCI
demonstrating an increase of its magnitude above and
below the Fermi energy where the anticrossing points are
located.
Figs. 14 and 15 represent the CTI (a) in comparison
with BDMI (b) DMI (c) and isotropic exchange interac-
tions, plotted as a function of energy characterizing the
occupation of the valence band (i.e. an artificial Fermi
energy position). One can see an oscillating behaviour
for all parameters when the occupation increases, with
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FIG. 12. The majority-spin Bloch spectral function (BSF)
along the line 2pi
a
(- 1
3
, 0, 0)−Γ− 2pi
a
( 1
3
, 0, 0) for 1 ML of Fe(110)
with a 3 × 3 supercell for the spin modulation along two di-
rections (-0.5, 1/
√
2) and (0.5, 1/
√
2). Top and bottom figures
show the BSF for the opposite spin helicity along direction (-
0.5, 1/
√
2).
-4 -2 0 2
Energy (eV)
-4
-3
-2
-1
0
1
2
3
J ij
k (
me
V)
TCI: 1 ML Fe(110)
FIG. 13. The three-spin interactions Jijk(E) in 1 ML of
Fe(110) as a function of occupation.
their sign changing at different energies because of dif-
ferent origin of these interactions. Note, however, that
all quantities shown in Figs. 14 and 15 have a maximum
at approximately half occupation of the Mn(Co) d-band
(see Figs. 14(e) and 15(e)), that correlates also with the
maximum of the spin magnetic moment (Figs. 14(a) and
15(a)) and maximum of antiferromagnetic exchange in-
teractions (Figs. 14(d) and 15(d)).
Comparing the y- and z-components of the BDMI and
DMI shown in Figs. 14 (a) and (b), respectively, one can
see a more narrow energy region, in which the former
quantity has a significant magnitude. Note, however,
that the biquadratic interaction is a higher order term
-6 -4 -2 0 2-4
-2
0
2
4
J ij
k (
me
V)
JPtijk
JCuijk
TCI: (Pt | Mn | Cu)
n m(E)
(a)
-6 -4 -2 0 2
-1
0
1
D
α ijij
 
 
 
 
(m
eV
)
Dy1212
Dz1212
Dy12J12,norm
BDMI: (Pt | Mn | Cu)
n
(b)
-6 -4 -2 0 2-2
-1
0
1
2
D
α ij 
 
 
 
(m
eV
)
Dy12
Dz12
DMI: (Pt | Mn | Cu)
n
(c)
-6 -4 -2 0 2
-80
-60
-40
-20
0
20
J ij
 
 
 
 
(m
eV
)
J12: (Pt | Mn | Cu)n
(d)
-6 -4 -2 0 2
energy (eV)
0
1
2
3
n
↑ (E
) (
sts
./e
V) Pt
Mn
Cu
0
1
2
3
n
↓ (E
) (
sts
./e
V)
(e)
FIG. 14. Three-spin interaction parameters Jijk(E) in
(Pt/Mn/Cu)n multilayer for the Mn-triangles centered at Cu
(JCuijk ) and Pt (J
Pt
ijk); the dotted line represents the Mn spin
magnetic moment m(E) (in µB) as a function of the occupa-
tion (a); y-, z-components of the chiral biquadratic exchange
interaction, ~D1212 (b) and DM interactions, ~Dij (c) between
Mn atoms as a function of the occupation; (d) the isotropic
exchange Jij(E), and (e) the element-projected DOS(E).
in the energy expansion and should represent simultane-
ously the features of vector and scalar interactions of two
spin moments. Thus, plotting in Fig. 14 (a) (thin lines)
the function Dαij(E)Jij(E)/max(Jij(E)) for the nearest-
neighbor interactions, one can see a localization in energy
of this function similar to the one seen for the BDMI.
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FIG. 15. Three-spin interaction parameters Jijk(E) in
(Pt/Co/Cu)n multilayer for the Mn-triangles centered at Cu
(JCuijk ) and Pt (J
Pt
ijk); the dotted line represents the Co spin
magnetic moment m(E) (in µB) as a function of the occu-
pation (a); y-, z-components of the chiral biquadratic ex-
change interaction, ~D1212 (b) and the DM interactions, ~Dij
(c) between Co atoms as a function of the occupation; (d)
the isotropic exchange Jij(E), and (e) the element-projected
DOS, n(E).
D. Monte Carlo simulations
In order to demonstrate the possible impact of the
higher-order chiral interactions on the magnetic struc-
ture, Monte Carlo simulations have been performed for
various model systems. In this section we focus only on
the effect of the three-spin chiral interactions having dif-
ferent properties when compared to other chiral interac-
tions discussed above and having relativistic origin (i.e.
DMI-like interactions). Note also that the calculations
were aimed only to demonstrate the possible impact of
the three-spin interaction on magnetic texture, therefore
they are performed for a rather small system size, which
implies that the characteristic size of the stabilized mag-
netic texture should also be small. Therefore the DMI
and three-spin interaction parameters used in the MC
simulations are chosen unrealistically large.
The simulations were performed for a monolayer sys-
tem having a triangular crystal structure. The atoms
couple ferromagnetically with the nearest neighbor pa-
rameters J1 (J1 = 3 meV). When no other interatomic
exchange interactions are taken into account, the system
is ferromagnetic in its ground state. Switching on nega-
tive second-neighbor interactions (J2), DMI ( ~D) and TCI
(J (3)) can change the magnetic texture in the system
drastically. First, we consider the effects of the near-
est neighbor DMI ( ~D) and three-spin interactions, while
J2 = 0 meV, shown in Fig. 16. The DMI in the figure
changes with the ratios D/J1 = 0.3, 0.6 and 1.0 along
a row. The three-spin interactions, on the other hand,
change along a column with J (3)/J1 = 0.0, 0.4 and 0.5.
One can see that the DMI stabilizes spin-spiral mag-
netic structures competing only with the FM isotropic
exchange interactions J1. However, the vortex lattice
appears when the TCI is taken into account. When DMI
are rather small, single vortexes can also be stabilized
(Fig. 16, first column), while no magnetic texture was
observed for D/J1 = 0.0 (not shown in the figure).
The negative second-neighbor interaction term J2 can
also stabilize non-collinear magnetic structure competing
with positive nearest-neighbor interaction. Therefore, we
consider also the systems with |J2|/J1 = 0.5 (see Fig. 17).
The first row corresponds to J (3) = 0, while the second
and third ones to J (3)/J1 = 0.4 and 0.5 respectively. The
DMI changing along the rows takes the values D/J1 =
0.0, 0.3, and 1.0. As one can see (first row) the spin
spiral state is stabilized by accounting for a negative J2
and DMI. On the other hand switching on in addition
the TCI leads to the formation of a vortex texture that
is modified upon a change of the exchange parameters
TCI and DMI.
Obviously, it would be of great interest to see an im-
pact of an external magnetic field, magnetic anisotropy
and others multispin interactions. This however needs
separate investigations beyond the main issue of the
present work.
V. SUMMARY
To summarize, in the present work we present a gen-
eral approach to calculate the multispin exchange inter-
actions in order to extend the classical Heisenberg Hamil-
tonian. This approach allows first principles calculations
of multispin interactions in real-space within the frame-
work of the multiple scattering Green function formalism.
We discussed some properties of different types of chiral
interactions, with the main focus on the three-spin ex-
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FIG. 16. Magnetic structure obtained with MC simula-
tions accounting for nearest-neighbor interactions J1, DMI
~D, three-spin interactions J(3) and J2 taken to be 0. The in-
plane projection of the first-neighbour DMI are perpendicular
to the line connecting two atoms. The DMI changes along the
rows, having the ratios D/J1 = 0.3, 0.6 and 1.0. The three-
spin interaction changes along the columns taking for each
line the values J(3)/J1 = 0.0, 0.4 and 0.5.
FIG. 17. Magnetic structure obtained with MC simula-
tions accounting for nearest-neighbor interactions J1, second-
neighbor interactions J2/J1 = −0.5, DMI ~D and three-spin
interactions J(3). The DMI changes along the rows, having
the ratios D/J1 = 0.0, 0.3 and 1.0. The three-spin interaction
changes along the columns taking for each line the values
J(3)/J1 = 0.0, 0.4 and 0.5.
change interactions. A specific feature of TCI is its topo-
logical origin in contrast to the DMI. We demonstrated
by means of MC simulations that this term can lead to a
stabilization of vortex- or skyrmionic-like magnetic tex-
ture in centosymmetric materials, in the absence of an
external magnetic field.
VI. ACKNOWLEDGEMENT
Financial support by the DFG via SFB 1277 (Emer-
gent Relativistic Effects in Condensed Matter - From
Fundamental Aspects to Electronic Functionality).
14
[1] E. A. Harris and J. Owen, Phys. Rev. Lett. 11, 9 (1963).
[2] N. L. Huang and R. Orbach, Phys. Rev. Lett. 12, 275
(1964).
[3] G. A. T. Allan and D. D. Betts, Proceedings of the Phys-
ical Society 91, 341 (1967).
[4] T. Iwashita and N. Ury, Journal of the
Physical Society of Japan 36, 48 (1974),
https://doi.org/10.1143/JPSJ.36.48.
[5] T. Iwashita and N. Uryuˆ, Phys. Rev. B 14, 3090 (1976).
[6] J. Aksamit, Journal of Physics C: Solid State Physics 13,
L871 (1980).
[7] M. S. S. Brooks, J. Phys. F: Met. Phys. 14, 1157 (1984).
[8] N. B. Ivanov, J. Ummethum, and J. Schnack, The Eu-
ropean Physical Journal B 87, 226 (2014).
[9] A. Antal, B. Lazarovits, L. Udvardi, L. Szunyogh,
B. U´jfalussy, and P. Weinberger, Phys. Rev. B 77,
174429 (2008).
[10] C. Kittel, Phys. Rev. 120, 335 (1960).
[11] Y. Tanaka and N. Ury, Journal of the
Physical Society of Japan 43, 1569 (1977),
https://doi.org/10.1143/JPSJ.43.1569.
[12] A. H. MacDonald, S. M. Girvin, and D. Yoshioka, Phys.
Rev. B 37, 9753 (1988).
[13] L. N. Bulaevskii, C. D. Batista, M. V. Mostovoy, and
D. I. Khomskii, Phys. Rev. B 78, 024402 (2008).
[14] C. D. Batista, S.-Z. Lin, S. Hayami, and Y. Kamiya,
Reports on Progress in Physics 79, 084504 (2016).
[15] D. Spiˇsa´k and J. Hafner, J. Magn. Magn. Materials 168,
257 (1997).
[16] C. Moreau-Luchaire, C. Moutafis, N. Reyren, J. Sampaio,
C. A. F. Vaz, N. Van Horne, K. Bouzehouane, K. Garcia,
C. Deranlot, P. Warnicke, P. Wohlhu¨ter, J.-M. George,
M. Weigand, J. Raabe, V. Cros, and A. Fert, Nat Nano
11, 444 (2016).
[17] K. Karube, J. S. White, N. Reynolds, J. L. Gavilano,
H. Oike, A. Kikkawa, F. Kagawa, Y. Tokunaga, H. M.
Ronnow, Y. Tokura, and Y. Taguchi, Nat Mater 15,
1237 (2016).
[18] B. Dupe´, G. Bihlmayer, M. Bo¨ttcher, S. Bu¨gel, and
S. Heinze, Nature Communications 7, 11779 (2016).
[19] E. Simon, K. Palota´s, L. Ro´zsa, L. Udvardi, and L. Szun-
yogh, Phys. Rev. B 90, 094410 (2014).
[20] S. Polesya, S. Mankovsky, S. Bornemann,
D. Ko¨dderitzsch, J. Mina´r, and H. Ebert, Phys.
Rev. B 89, 184414 (2014).
[21] S. Brinker, M. dos Santos Dias, and S. Lounis, New
Journal of Physics 21, 083015 (2019).
[22] A. La´szlo´ffy, L. Ro´zsa, K. Palota´s, L. Udvardi, and
L. Szunyogh, Phys. Rev. B 99, 184430 (2019).
[23] M. Di Stasio, Phys. Rev. B 46, 9825 (1992).
[24] D. Parihari and S. K. Pati, Phys. Rev. B 70, 180403
(2004).
[25] B. Bauer, L. Cincio, B. P. Keller, M. Dolfi, G. Vidal,
S. Trebst, and A. W. W. Ludwig, Nature Communica-
tions 5, 5137 (2014).
[26] T. Kostyrko and B. R. Bu lka, Phys. Rev. B 84, 035123
(2011).
[27] P. Lecheminant and A. M. Tsvelik, Phys. Rev. B 95,
140406 (2017).
[28] X. G. Wen, F. Wilczek, and A. Zee, Phys. Rev. B 39,
11413 (1989).
[29] D. S. Rokhsar, Phys. Rev. Lett. 65, 1506 (1990).
[30] J. K. Freericks, L. M. Falicov, and D. S. Rokhsar, Phys.
Rev. B 44, 1458 (1991).
[31] D. Sen and R. Chitra, Phys. Rev. B 51, 1922 (1995).
[32] V. W. Scarola, K. Park, and S. D. Sarma, Phys. Rev.
Lett. 93, 120503 (2004).
[33] S. O. T. T. Yo Machida, Satoru Nakatsuji and T. Sakak-
ibara, Nature 463, 210 (2010).
[34] T. Okubo, S. Chung, and H. Kawamura, Phys. Rev.
Lett. 108, 017206 (2012).
[35] S. Hayami, R. Ozawa, and Y. Motome, Phys. Rev. B
95, 224424 (2017).
[36] D. Solenov, D. Mozyrsky, and I. Martin, Phys. Rev. Lett.
108, 096403 (2012).
[37] P. Bruno and V. K. Dugaev, Phys. Rev. B 72, 241302
(2005).
[38] F. R. Lux, F. Freimuth, S. Blu¨gel, and Y. Mokrousov,
Communications Physics 1, 60 (2018).
[39] G. Tatara, Physica E: Low-dimensional
Systems and Nanostructures (2018),
https://doi.org/10.1016/j.physe.2018.05.011.
[40] T. Kurumaji, T. Nakajima, M. Hirschberger,
A. Kikkawa, Y. Yamasaki, H. Sagayama,
H. Nakao, Y. Taguchi, T.-h. Arima, and
Y. Tokura, Science 365, 914 (2019),
https://science.sciencemag.org/content/365/6456/914.full.pdf.
[41] S. Mankovsky, S. Polesya, and H. Ebert, Phys. Rev. B
99, 104427 (2019).
[42] S. Mankovsky and H. Ebert, Phys. Rev. B 96, 104416
(2017).
[43] M. E. Rose, Relativistic Electron Theory (Wiley, New
York, 1961).
[44] H. Ebert, J. Braun, D. Ko¨dderitzsch, and S. Mankovsky,
Phys. Rev. B 93, 075145 (2016).
[45] H. Ebert and S. Mankovsky, Phys. Rev. B 79, 045209
(2009).
[46] S. Mankovsky, S. Bornemann, J. Mina´r, S. Polesya,
H. Ebert, J. B. Staunton, and A. I. Lichtenstein, Phys.
Rev. B 80, 014422 (2009).
[47] T. Fujita, M. B. A. Jalil, S. G. Tan, and S. Mu-
rakami, Journal of Applied Physics 110, 121301 (2011),
http://dx.doi.org/10.1063/1.3665219.
[48] S. L. Manuel dos Santos Dias, “Insights into the orbital
magnetism of noncollinear magnetic systems,” (2017).
[49] L. M. Sandratskii, Phys. Rev. B 96, 024450 (2017).
